Zero point energy on extra dimensions: Noncommutative Torus 
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In this paper we calculate the zero point energy density experienced by observers on M 4 due to a 
massless scalar field defined throughout M 4 x T%, where T 2 F are fuzzy extra dimensions. Using the 
Green's function approach we calculate the energy density for the commutative torus and the fuzzy 
torus. We calculate then the energy density for the fuzzy torus using the Hamiltonian approach. 
Agreement is shown between Green's function and Hamiltonian approaches. 
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I. INTRODUCTION 

The zero-point energy of the Universe remains one of the fundamental mysteries of physics. The 
Universe is known to be accelerating, and so far the cause of this phenomenon (called dark energy) 
has defied explanation in terms of conventional classical or quantum physics. Since the Universe's 
zero-point energy is one the characteristics determining its fate, it is important to determine the 
factors which may contribute to the value of the zero-point energy. A possible source of vacuum 
energy is the Casimir effect. The contribution of this effect to the vacuum energy depends upon the 
topology of spacetime, the number of spacetime dimensions, the type of field existing in the spacetime 
and possibly other phenomena, such as the commutativity or noncommutativity of spacetime. The 
present paper is part of a series of attempts to determine under which conditions the effects described 
above can contribute to the vacuum energy density of the Universe. 

In a previous paper [l[ we explored the possibility that dark energy is a manifestation of the 
Casimir energy from extra dimensions with the topology of a noncommutative S 2 . We found that 
the value of the energy density present on Ai 4 x is positive, i.e. it provides dark energy, and we 
calculated the radius of for a chosen value of the size of the representation of the noncommutative 
algebra. An exciting approach to noncommutative extra dimensions, in which the said dimensions 
are even dynamically generated (and are spheres) is described in 0]. 

The purpose of this paper is to repeat the calculation with the extra dimensions being the fuzzy 
torus Tp instead of S F . In (3j,[3] the study of a self-coupled massive scalar field on Ai 1,D x T 2 , 
has been considered. We consider a massless scalar field. We take two different approaches to the 
problem: the first is based on the Green's function method used by R. Kantowski and K. Milton 
in and the second is based on the Hamiltonian approach, as done in Q. With the use of the 
Green's function we perform the calculations for both the commutative and fuzzy cases: T 2 F which 
has finite dimensional representations. In j6j, using the Hamiltonian approach, the energy density 
was calculated for R x T F ; we generalize the manifold to the Ai 4 x T 2 F case using the same approach. 
In the case of the fuzzy torus, the energy density calculated using the Green's function agrees with 
that calculated using the Hamiltonian formalism. 

Regardless of the method, the energy density present on Ai 4 due to the extra dimensions with 
topology of T 2 F turns out to be negative for each possible value of the size of the representation N 
of the algebra for the torus and therefore it cannot be considered as a source for dark energy. The 
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energy density we obtain with the two different approaches has the same form as obtained in the 
case M 4 x S% 

a ^ P ft\ 

u » = 7 b (1) 

where p is the radius of the torus (the two radii are chosen to be the same), b a momentum cutoff 
and a is a negative constant. In the fuzzy case the value of a turns out to be the same using either 
the Green's function or the Hamiltonian approach. We also calculate the numerical value of the 
energy density in the case of maximum noncommutativity N = 2 



II. THE NONCOMMUTATIVE TORUS 

The noncommutative 2-torus is defined in terms of operators Ui (i — 1, 2) satisfying 

UiXjUr 1 = Xj + SifinRjl (2) 
UiUj = e 2 ^U 3 U t (3) 

where X{ are the coordinate operators, i?, the compactification radii (set both equal to p) and the 
dimensionless noncommutativity parameter 0^ = Qe^. From the definition above it follows that 

Ui = e»*, a l = ^ (4) 
P 

where the <7j are dimensionless and satisfy 

[<7i,<7,-] = 2-K0€ij. (5) 

The lim^ —> (the commutative limit) gives [Xi, Xj] = 0. The definition of Ui allows a function 
defined on the Tg to be expanded in an operator Fourier series [3] [sj 

oo 

<t>{a u a s )= c kp U k U p (6) 

k,p=— oo 

For the commutative case, using the symbols corresponding to the Ui operators, we can write an 
equivalent expression to the above 



£ c kp e^ x ^ Xl eR (7) 

k,p=— oo 



In the rational (fuzzy) case, we can take 9 = without losing generality, where N is the (finite) 
size of the representation and the theory on the fuzzy torus is equivalent to a lattice theory with 
X -> X n = ^fn. Eq. © becomes ~ 



N-l 



0(n,m)= J2 d *P e ^ {kn+Pm) - (8) 

k,p=0 

We will use the equation above to expand the reduced Green's function (see below) g(y, y', k x k\) on 
the fuzzy torus. 
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III. GREEN'S FUNCTION TECHNIQUE 

To obtain the energy density on Ai 4 x T 2 , we first calculate the energy-momentum tensor of a 
massless scalar field defined by 

tAB = d A (pd B (f - ^gABdc¥d c p (A, B = ... 5) . (9) 
In terms of the Green's function the energy density on M 4 x T 2 can be written \^ as 

u(p) = ~ 2 ^ 4 J dk J^dww 2 g(y,y,k x k x ) (10) 

where g(y,y, k x k\) is the reduced Green's function defined on the extra dimensions {x^ G AA A and 
y = yi,y2 are the two coordinates for the torus). To find the expression for g(y,y, k x k\) we solve 
the equation of motion satisfied by g(y,y', k x k\). The equations of motion for a commutative torus 
differ from that of T F . We first perform the calculations for the commutative case. 



A. Green's function for the commutative torus 



Our goal is to calculate the contribution to the vacuum energy density from the part of the manifold 
which is a noncommutative strip with opposite sides identified, which is topologically a torus. To do 
this we first calculate the periodic Green's function for the commutative torus. We were unable to 
find the explicit form for such a Green's function in the literature, and so we include this calculation 
for completeness. We will then adapt this calculation to the fuzzy torus in the next section. 

When yi and y2 are continuous variables, the equation of motion is the usual Klein-Gordon equation 
with k x k\ representing the Kaluza-Klein mass term and V^ 2 the Laplacian operator defined on a 
torus, i.e the ordinary Laplacian defined on R 2 but acting on a peridic function 

(V^ 2 + k»k,)g{y ) y' 1 k x k x ) = -5 2 P (y - y') , (11) 

with 5p being a "periodic" delta function (see Appendix). To find g(y,y', k x k\) we expand it on the 
basis Ui and specify y — ► (yx, y<i) G T 2 : 

oo 

g(y,y',k x k x ) = £ c fcp e i( ^ + ?^) e -(^i+^). ( 12 ) 

k,p=— oo 

In order to find Ck p , we susbstitute Eq.( fT2l) into Eq. tfTTl) and with V^ 2 C^ = — k+ 2 p Ui we obtain 

k2+p2 j_ ^ kW (^i+^ 2 ) -(^l+?^) 



£ c kp (-^^- + A^e^^^e-*^-^) = _ Sp{yi _ y[)5p{ _ y/) (13) 

Z i pi 

k,p=—oo 

A property of 5p(y — y') is 

1 oo 

^— e l( ^ + ^e^^+^) =( 5 P ( z/l -^) ( 5 P ( 2/2 -^). (14) 

^ P> k,p=-oo 

The expression for Ck p is therefore 

1 

Ckp ~ (2 7 rp) 2 (^V-^ A ) (15) 
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We finally obtain for the energy density (GC: Green's function approach, Commutative case) 



(2tt)< 



dk / dww 2 > -5 — =- 



(16) 



k,p=— 00 p 2 



It should be obvious from the context that we integrate only over the wave vector while summing 
over the integer k. To calculate the expression above, we first perform the integration using the 
contour argument in j^]. The dk term gives 4irk 2 dk, then we perform the change of coordinates 
k = Rcos(9) and uj = iRsm(9), and the integral becomes 



u G c(p) 



(27T) 



fc,p= 



i? 5 cos 2 (#) sin 2 (#) 



+ i? 2 



;i7) 



In order to obtain a finite result we impose a cutoff on the variable R: -R maa 

We also discard the two infinite terms, which are not proportional to hi(^) as done previously in |l| 



~ with b 





J Planck- 



5l, and we obtain 



32vr 2 p 4 



{k 2 + P 2 ) In 



b 2 (k 2 + p 2 



We first notice that this quantity is always negative and therefore considering the case of the extra 
dimensions to be a two dimensional commutative torus does not provide a valid model for dark 
energy. The summation above does not contain the k = p = term because we have previously 
discarded it; it corresponded to the b~ 4 divergence contained in Eq flTjl . Also note that the sum 
is even in k and p. In order to evaluate the sum present in Eq. (fT8l) we introduce a cutoff on the 
number of modes allowed. We call this cut off iV and introduce the new variables %k = ^jfk and 



Vv 



2-rrp 
N 



p. In the large iV limit these variables become continuous, and the sum can be approximated 



by an integral ^2 



ugc{p) 



N 



f . We obtain 



iV 6 



32vr 2 p 4 (2vrp) 6 J 



J^dxdy (a; 2 + 2/ 2 ) 2 ln [l + (^) 



V Nb ) x 2 + y 2 



(19) 



The integral converges due to the ultraviolet behavior of the torus factor dominating that of the 
flat Ai A . The regime in which commutative effective field theory is valid is x > b thus, respecting 
this condition for the toroidal theory amounts to satisfying £ ~ N. The further change of variable 



x 



Y allows the integral to be evaluated numerically with the result 



ugc{p) 



N 6 



-atp 



32vr 2 p 



2^4 ' 



(20) 



where a P ~ 418 [§]. 



B. Green's function for the fuzzy torus 

The assumption that 6 is rational (equal to for simplicity), implies that the theory becomes 
equivalent to a lattice theory with y — > y n = ^ff-n. The discrete version of the Laplacian operator 
used in Eq. (11 II) can be evaluated by performing the variation of the action below (similar to Eq. 



(4.7) in [6|) and considering only the two terms relevant to the torus 

^ r . r _ i .„ _ i 



^ r2 ^ y r 



_ (W-M i < w >'-(W (W1 ) (21) 

where 5 n $(2;, n, m) = $(z, n + 1, m) — $(2, n, m) and similarly for 8 m . With the notation: y\ —>■ 
n, 1)2 — > w, the equation of motion satisfied by the reduced Green's function is 

/ iV 2 \ iV 2 

and the expansion of the reduced Green's function is 

N-l 

g{n, n', m, m') = £ d kp e ^n+p m ) e -i^(kn' + p m ') ^ 

k,p=0 

The action of the discrete Laplacian on the basis is (5 n _i — 5 n )U n = (2 — 2cos(^))C/ n and G?fc P can 
be found from the relation 

JV-l 



£ 4 p (-i^[sin 2 — + sin 2 ^] + fc A A; A ") e ^+^) e -^(*-'W) 



AT 2 

finn'fimm' (24) 



(27TP) 



k,p 
Using 

2V-1 

we find the expression for the coefficient to be 

d kp = y , (26) 

(2^) 2 ((g^m 2 # + sin 2 f]-^ 



and we obtain the energy density due to the fuzzy torus to be (GF: Green's function approach, Fuzzy 
torus) 

iff N ~ 1 1 
ugf(p) = —-, — rr dk dww 2 > r - . (27) 

We calculate the integral in the same way as in the commutative case. From Eq. ( |T6|) ugf{p) is 
obtained 



/ \ -N 4 r • 2 ^ -2 7r Pn2 , 47T 2 p 2 \ . c 

u GF (n) = — > sin 2 h sin 2 — 2 In 1H =— £ = . (2£ 

GFW 647r 6 p 4 I Z ^ n W AT V 6 2 jV 2 4[sin 2 # + sin 2 fl/ 



We now simplify the expression above considering the approximation 1 < iV <C f and obtain 

A7-4 N ~* i, 2 

Mgf(p ) ~ y [ sin 2 ™ + sin 2 !^] 2 ^ f P —) . (29) 

GFKH) 64tiV i Z ^ W AT V6 2 Ar 2 [sin 2 # + sin 2 ^l/ 1 ; 

Eq. (1281) in the case of maximum noncommuativity (iV = 2) can be expressed as 

Mo ^-^ ln (9=>(f),J^ ln( 0. ,30) 
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IV. HAMILTONIAN TECHNIQUE 

In j6| the Casimir energy on R x T 2 F has been evaluated by expanding the scalar field <fi into the 
creation and annihilation operators with the following result 



N-l 



«M = I^s£V sill2 77 + sm2 ? (31) 

K k,p=0 

In order to compare with the result given by Eq. (T2"9l we generalize Eq. (1311) to the M. A x case. 
We notice first that the definition of u , Eq.(4.8) in [6|, needs to be modified in order to include the 
dependence on the wave vector k 

<v = ^2 ( si * 2 ^ + sin ' f ) + (32) 

The vacuum expectation value multiplied by the volume of the two-torus V F i = (27rp) 2 only, gives 
the energy density on A4 A (HF: Hamiltonian approach, Fuzzy torus) 



, , N-V T 2 ^ f 2dk \( 2 nk „ tt P \ k 2 n 2 p 2 . . 

UhM = w £ / WT 3 i V sm n + sin n) + (33) 

To evaluate (l33il we first perform the integration over dk = 4irk 2 dk. The integral diverges in this 
case also and needs to be regularized by 1) introducing a cutoff on k {k max = -r with b ~ Lpi anc k), 
2) discarding again two infinite terms which are not proportional to ln(|). The energy density given 
by the expansion of the field in terms of creation and annihilation operators is 

"iV 4 **k 2 np^ / + P^f + ^W^+¥ )\ , ^ 
UHF{P) = 6W £ [Sm * + Sm ^ I [sin 2 f + sin 2 f]iVV J ' (34) 



Again considering 1 < N <C f we obtain 

-iV 4 ^ . 2 7ck . 2 n P 2 . / p 



UHF (p) ~ y [ sin 2 HI + sin 2 'ILf l n V (35) 

HFW 647T 6 p 4 ^ N N l ^6^2 [sin 2 f + sin 2 f] ' 



which agrees with Eq. ( 12911 obtained using the Green's function approach. 
In the particular case of N = 2, the energy density given by Eq.( lMl) is 

/ \ <*hf , (P\ 3 fp\ 0.00312 fp\ 
Which agrees with the result found in Eq. (l30l : acF = &hf- 



V. CONCLUSION 



We have explored the Casimir energy density experienced by observers on M. A due to extra fuzzy 
dimensions, T 2 F . Different approaches yield consistent results where they are both valid. We have 
adhered to general field theory lore concerning the approach to regularization of the Casimir energy, 
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extracting the part which depends only logarithmically on the Planck scale. However, there are 
still some interesting subtleties which we will pursue in a forthcoming paper. Chief among these 
is the proof that u(9) is well behaved as a function of 9. Because of the simplifying assumption 
that rational 9 is in the form the large degree of freedom limit coincides with the commutative 
one. More generally 9 = M/N. So we can have a large number of degrees of freedom in the 
noncommutative theory without going directly to the commutative limit. This is important since it 
would be unpleasant to have the Casimir energy jump by a finite amount whenever 9 passes from a 
rational to an irrational value. In a theory in which 9 is dynamical, this defect would zero-out the 
matrix model contribution (it would be measure zero). Thus it remains to show that a sequence of 
matrix model energy densities u(9 = |C) converge to the 9 irrational result, which is in turn Morita 
equivalent jl] to the commutative torus (which was analyzed here). 



VI. APPENDIX 



The delta function on the torus must respect periodicity. Our candidate for 5p(t) is given by the 
limjv^oo -Fjv(t), where F^(t) is a periodic function with period 27r in the t — - variable 



F „ (t)=E ^ = ! Wk (37) 



sin HH 

k=-N 

We prove now the defining properties of a delta function for t G [0,27r]. Considering the following 
integral of Fjy(t) 

F " (t) * = i sin(|) * = /„ (AT + J) *■ <38) 



with u = (N + |)t. In the liniAr^oo the integral above of F^(t) becomes 



lim ^ F N (t)dt = - r^±du = l. (39) 



Now we act on a periodic test function f(t) 



2 * rM"+$) sm[u] , u 



lim / F N (t)f(t)dt = lim / — , ^\ ' - - / — f du 



2 -r f (0)^du = m (40) 

7T J U 



where u was defined earlier . 



Acknowledgments 

This research was supported in part by the University of Alabama's Research Advisory Commit- 
tee. 



[1] S. Fabi, B. Harms and G. Karatheodoris, Phys. Rev. D 74, 083506 (2006) 



arXiv:hep-th/0607153j . 



8 



[2] P. Aschieri, T. Grammatikopoulos, H. Steinacker and G. Zoup anos, JHEP 0609, 026 (2006) (arXiv:hep-th /060602r . 
[3] J. Gomis, T. Mehen and M. B. Wise, JHEP 0008, 02 9 (200 0) [arXiv:hep-th/0006160j . 
[4] S. k. Nam, JHEP 0010, 044 (2000) [arXivihep-th /0008083| . 
[5] R. Kantowski and K. A. Milton, Phys. Rev. D 35, 549 (1987). 

[6] M. Chaichian, A. Dem ichev, P. Presnajder, M. M. Sheikh-Jabbari and A. Tureanu, Nucl. Phys. B 611, 383 (2001) 

[arXiv:hep-th/0101209l ■ 

[7] D. Bigatti, |arXiv:hep-th/0109018| . 

[8] B. Morariu and B. Zumino, published by World Scientific in "College Station 1998, Relativity, particle physics and cosmol- 
ogy" [arXiv:hep-th/9807198] . 

[9] Our expression for Eq. (|20[) is the counterpart to the one in Eq.(4.10) of [6j, which we could not reproduce through numerical 
evaluation of the double integral in that equation. 



